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COMPARING DISTRIBUTIONS

1. Vertical comparison

Look at the difference, or
the ratio of the densities

e.g. Total Variation distance,

Kullback Leibler divergence, etc.



COMPARING DISTRIBUTIONS

2. Horizontal comparison
aka Optimal Transport

Move the mass across the
ground space

! Need for a notion of
displacement cost on the
ground space



SOME HISTORY

666+ MEMOIRES DE LACADEMIE ROYALE

MEMOIRE
- SUR L A
THEORIE DES DEBLAIS
ET DES REMBLAILS

ParM.:MONGE.

LORSQU’ON' doit tranfporter des terres d’un lieu dans un
, autre, on a coutume de donner le nom de Déblai au
volume des terres que P'on doit tranfporter, & le nom de
Remblai 3 Vefpace qu'elles doivent occuper apres le tranf:poll"t.

1781

won AR AAKTOPOR

e MATEMATUHECHME
METO AbI
OPFANNMIALUMNM
M AAREAPOAANG
NPOMIBOACTOA




SOME HISTORY

) % I
{ Re. o L
. 4
\ e
T, i
\ U
1 3

| _ g/l

Brenier Otto McCann Villani Figalli

Remblai a Telpace quelles doivent occuper aprés le traniport.

1781



[ 30

Leonid Kantorovich



OPTIMAL TRANSPORT

Data:
wo distributions /t and 17 over R?

Parameter:
A (countinuous) cost function

c:RYXRY SR



OPTIMAL TRANSPORT

Data:

wo distributions /t and 17 over R?

Parameter:
A (countinuous) cost function

c:RYXRY SR

1

Definition of Optimal Transport (OT):



OPTIMAL TRANSPORT

Data:

wo distributions /t and 17 over R?

Parameter:
A (countinuous) cost function

c:RYXRY SR

1

Definition of Optimal Transport (OT):

c(w,y)dn(z,y)



OPTIMAL TRANSPORT

Data:

wo distributions /t and 17 over R?

Parameter:
A (countinuous) cost function

c:RYXRY SR

1

Definition of Optimal Transport (OT):

// (2. y) dr(z.y)



OPTIMAL TRANSPORT

Data:

wo distributions /t and 17 over R?

Parameter:
A (countinuous) cost function

c:RYXRY SR

1

Definition of Optimal Transport (OT):

mf// (x,y) dr(z,y)



OPTIMAL TRANSPORT

Data:

Parameter:

wo distributions /t and 17 over R?

A (countinuous) cost function

c:RYXRY SR

1

Definition of Optimal Transport (OT):

mf// (x,y) dr(z,y)



OPTIMAL TRANSPORT

Data:
wo distributions /t and 17 over R?

Parameter:
A (countinuous) cost function

c:RYXRY SR

Definition of Optimal Transport (OT):

Te(1,v) = mf// () dn(x, )

over all 7Tsuch that
/ dw(az,m — du(y) ¥y
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OPTIMAL TRANSPORT

Iwo main questions in practice

1. How to choose the ground cost C in a way that makes

sense for the data distributions (1 and 1/ ?

2. How to compute/approximate the OT cost 7.( 1, V),

at least when the measures are discrete (i.e. are finite sums
of Dirac masses) in a scalable way?
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1. How to choose the ground cost C in a way that makes
sense for the data distributions (tand v/ ?

1.Monge initially proposed c(z,y) = ||z — ||
2.This was generalized to cost functions of the form
c(x,y) = |z —yl|” where p>1
(in this case, we say that .7 is the p-Wasserstein distance)

But does it make
sense when the
ground space is g
high-dimensional

But does it make sense 7

when the data lives on a
low-dimensional manifold @
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|[dea: Find a ground cost ¢ that is adversarial, i.e. that best
separates the two distributions by maximizing the OT cost

, Imax %(,u, V) where € is a class of functions

max :70(“7 V) — f(c) for some convex f
C
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GROUND COST

|[dea: Find a ground cost ¢ that is adversarial, i.e. that best

separates the two distributions by maximizing the OT cost

max %(M, V) — f(C) for some convex f

- Lin
- Lin

S Wit

S Wit

N 1T

N 1T

ne Robust Optimization literature

ne matc

nitially proposead

generative models
- When % is the set of Mahalanobis distances, it defines
the Subspace Robust Wasserstein distances (ICML 2019)

nings literature in Economics

oy Genevay et al. in 2017 to learn



L

-

b s » B T —
‘l"."" 11T T R T | } essio Figalli




REGULARIZATION

2. How to compute/approximate the OT cost 7. (4, /) ?

1. This is a Linear Program — O(n”) complexity

2. Entropic regularization — C’)(nz) Sinkhorn algorithm,
GPU-friendly, differentiable..

mf// c(x,y)dr(x,y) + eR(m)

where R(m) = KL(7||p ® v)

Other regulanza’uons have been proposed: e.g. quadratic,
group-lasso, capacity constraints, with different algorithms
and effects on the OT plan / value



REGULARIZATION

2. How to compute/approximate the OT cost 7. (4, /) ?

1. This is a Linear Program — O(n”) complexity

2. Entropic regularization — O(n*) Sinkhorn algorithm,
GPU-friendly, differentiable...

inf / / c(2.y) dr(z.y) + eR(m)

How can we interpret the
effect of the regularization ¢



TWO VIEWS
OF THE SAME
PHENOMENON




GROUND CoOST ROBUSTNESS & REGULARIZATION

Theorem: Reqgularized OT is ground cost adversarial in the
following sense

inf / / colz.y) dr(z.y) + eR(m)

= sup J.(u,v) —eR” (C — CO)

€

where R is a convex regularizer

and R*is the convex conjugate of R:

R*(c) = sup / cdr — R(7)

T
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GROUND CoOST ROBUSTNESS & REGULARIZATION

Is the adversarial cost C, an interesting 7
dissimilarity measure on the ground space e

Short answer: In a sense, no.

Theorem: Under some technical assumption on R (verified
for the entropic or quadratic regularizations), there exists
functions @ and ¥ such that

c:(2,y) = o(z) + ¥(y)

is an optimal adversarial cost, i.e. is solution to

sup Z.(p, v) — eR” (C — CO)

€



WHAT | COULD NOT TALK ABOUT

- Restriction to nonnegative adversarial costs sup...
c>0

- General duality result for reqularized OT

- Extension to several measures

Thank you

francoispierrepaty.github.io




