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COMPARING DISTRIBUTIONS

Look at the difference, or 
the ratio of the densities

e.g. Total Variation distance, 
Kullback Leibler divergence, etc.

1. Vertical comparison



COMPARING DISTRIBUTIONS

Move the mass across the 
ground space

⚠ Need for a notion of 
displacement cost on the 
ground space

2. Horizontal comparison 
aka Optimal Transport
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OPTIMAL TRANSPORT

Two distributions    and    over µ
<latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit>

⌫
<latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit>

Rd
<latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit>

Data:

Parameter:
A (countinuous) cost function

c : Rd ⇥ Rd ! R
<latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit>
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Rd
<latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit>
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<latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit>
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<latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit>
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Definition of Optimal Transport (OT):
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<latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit>

Tc(µ, ⌫) = inf
⇡

ZZ
c(x, y) d⇡(x, y)

<latexit sha1_base64="JUHhL0g3d9zIfkEDcZSOKxOmjME="></latexit><latexit sha1_base64="JUHhL0g3d9zIfkEDcZSOKxOmjME="></latexit><latexit sha1_base64="JUHhL0g3d9zIfkEDcZSOKxOmjME="></latexit><latexit sha1_base64="JUHhL0g3d9zIfkEDcZSOKxOmjME="></latexit>
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<latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit>
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<latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit>
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<latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit>

Tc(µ, ⌫) = inf
⇡

ZZ
c(x, y) d⇡(x, y)

<latexit sha1_base64="JUHhL0g3d9zIfkEDcZSOKxOmjME="></latexit><latexit sha1_base64="JUHhL0g3d9zIfkEDcZSOKxOmjME="></latexit><latexit sha1_base64="JUHhL0g3d9zIfkEDcZSOKxOmjME="></latexit><latexit sha1_base64="JUHhL0g3d9zIfkEDcZSOKxOmjME="></latexit>

Z
d⇡(x, y) = dµ(x) 8x

<latexit sha1_base64="QFwS2mkpv2lzpErN5R+7zQCZVkA="></latexit><latexit sha1_base64="QFwS2mkpv2lzpErN5R+7zQCZVkA="></latexit><latexit sha1_base64="QFwS2mkpv2lzpErN5R+7zQCZVkA="></latexit><latexit sha1_base64="QFwS2mkpv2lzpErN5R+7zQCZVkA="></latexit>

Z
d⇡(x, y) = d⌫(y) 8y

<latexit sha1_base64="dTmKT+znHzKvbNR1P6kpDGU8jRY="></latexit><latexit sha1_base64="dTmKT+znHzKvbNR1P6kpDGU8jRY="></latexit><latexit sha1_base64="dTmKT+znHzKvbNR1P6kpDGU8jRY="></latexit><latexit sha1_base64="dTmKT+znHzKvbNR1P6kpDGU8jRY="></latexit>

over all     such that⇡
<latexit sha1_base64="4laKua+x3IajVSX8yla2oiMj8Bk="></latexit><latexit sha1_base64="4laKua+x3IajVSX8yla2oiMj8Bk="></latexit><latexit sha1_base64="4laKua+x3IajVSX8yla2oiMj8Bk="></latexit><latexit sha1_base64="4laKua+x3IajVSX8yla2oiMj8Bk="></latexit>

⇢

<latexit sha1_base64="0JUUAfKNfsubE3Szk8DHHfn084k="></latexit><latexit sha1_base64="0JUUAfKNfsubE3Szk8DHHfn084k="></latexit><latexit sha1_base64="0JUUAfKNfsubE3Szk8DHHfn084k="></latexit><latexit sha1_base64="0JUUAfKNfsubE3Szk8DHHfn084k="></latexit>
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OPTIMAL TRANSPORT

Two main questions in practice

1. How to choose the ground cost   in a way that makes 
sense for the data distributions    and    ?

c
<latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit>

µ
<latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit>

⌫
<latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit>
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Two main questions in practice

2. How to compute/approximate the OT cost                , 
at least when the measures are discrete (i.e. are finite sums 

of Dirac masses) in a scalable way?

Tc(µ, ⌫)
<latexit sha1_base64="uM8MwBFM6t1gKmKt9yJFrtmQ0FQ="></latexit><latexit sha1_base64="uM8MwBFM6t1gKmKt9yJFrtmQ0FQ="></latexit><latexit sha1_base64="uM8MwBFM6t1gKmKt9yJFrtmQ0FQ="></latexit><latexit sha1_base64="uM8MwBFM6t1gKmKt9yJFrtmQ0FQ="></latexit>

1. How to choose the ground cost   in a way that makes 
sense for the data distributions    and    ?

c
<latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit>

µ
<latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit>

⌫
<latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit>
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1. How to choose the ground cost   in a way that makes 
sense for the data distributions    and    ?

c
<latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit>

µ
<latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit>

⌫
<latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit>
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Monge initially proposed  c(x, y) = kx� yk
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1.
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c
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µ
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⌫
<latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit>



GROUND COST

Monge initially proposed  c(x, y) = kx� yk
<latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit><latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit><latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit><latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit>

1.

This was generalized to cost functions of the form 

c(x, y) = kx� ykp
<latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit>

where p � 1
<latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit>

(in this case, we say that       is the p-Wasserstein distance)Tc
<latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit><latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit><latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit><latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit>

2.

1. How to choose the ground cost   in a way that makes 
sense for the data distributions    and    ?

c
<latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit>

µ
<latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit>

⌫
<latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit>



GROUND COST

But does it make 
sense when the 
ground space is 
high-dimensional
❓

Monge initially proposed  c(x, y) = kx� yk
<latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit><latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit><latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit><latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit>

1.

This was generalized to cost functions of the form 

c(x, y) = kx� ykp
<latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit>

where p � 1
<latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit>

(in this case, we say that       is the p-Wasserstein distance)Tc
<latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit><latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit><latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit><latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit>

2.

1. How to choose the ground cost   in a way that makes 
sense for the data distributions    and    ?

c
<latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit>

µ
<latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit>

⌫
<latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit>



GROUND COST

But does it make 
sense when the 
ground space is 
high-dimensional
❓

Monge initially proposed  c(x, y) = kx� yk
<latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit><latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit><latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit><latexit sha1_base64="j1zEJoBc1af3ApLZHYUemw0vUL4="></latexit>

1.

This was generalized to cost functions of the form 

c(x, y) = kx� ykp
<latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit>

where p � 1
<latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit>

(in this case, we say that       is the p-Wasserstein distance)Tc
<latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit><latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit><latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit><latexit sha1_base64="rBrFVEhjbOxdM6iHM8D/WPO2IUE="></latexit>

2.

But does it make sense 
when the data lives on a 
low-dimensional manifold❓

1. How to choose the ground cost   in a way that makes 
sense for the data distributions    and    ?

c
<latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit>

µ
<latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit>

⌫
<latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit>



GROUND COST

Idea: Find a ground cost    that is adversarial, i.e. that best 
separates the two distributions by maximizing the OT cost

c
<latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit>

max
c2C

Tc(µ, ⌫)
<latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit><latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit><latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit><latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit>

C
<latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit>

where      is a class of functions



GROUND COST

Idea: Find a ground cost    that is adversarial, i.e. that best 
separates the two distributions by maximizing the OT cost

c
<latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit>

max
c2C

Tc(µ, ⌫)
<latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit><latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit><latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit><latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit>

C
<latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit>

where      is a class of functions

max
c

Tc(µ, ⌫)� f(c)
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for some convex f
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f(c) =

(
0 if c 2 C

+1 if c 62 C
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GROUND COST

Idea: Find a ground cost    that is adversarial, i.e. that best 
separates the two distributions by maximizing the OT cost

c
<latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit>

·  Links with the Robust Optimization literature 
·  Links with the matchings literature in Economics 
· Initially proposed by Genevay et al. in 2017 to learn 
generative models 
·  When    is the set of Mahalanobis distances, it defines 
the Subspace Robust Wasserstein distances (ICML 2019)

C =
�
(x, y) 7! (x� y)>⌦(x� y)
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REGULARIZATION

2. How to compute/approximate the OT cost                ?Tc(µ, ⌫)
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1. This is a Linear Program                    complexityO(n3)
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2. Entropic regularization               Sinkhorn algorithm, 
GPU-friendly, differentiable…

O(n2)
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R(⇡) = KL(⇡||µ⌦ ⌫)
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where

Other regularizations have been proposed: e.g. quadratic, 
group-lasso, capacity constraints, with different algorithms 
and effects on the OT plan / value

inf
⇡

ZZ
c(x, y) d⇡(x, y) + "R(⇡)
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2. Entropic regularization               Sinkhorn algorithm, 
GPU-friendly, differentiable…

O(n2)
<latexit sha1_base64="VOwuSkAzzi2l0/oQ9hv2pg/2pHU="></latexit><latexit sha1_base64="VOwuSkAzzi2l0/oQ9hv2pg/2pHU="></latexit><latexit sha1_base64="VOwuSkAzzi2l0/oQ9hv2pg/2pHU="></latexit><latexit sha1_base64="VOwuSkAzzi2l0/oQ9hv2pg/2pHU="></latexit>
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where

Other regularizations have been proposed: e.g. quadratic, 
group-lasso, capacity constraints, with different algorithms 
and effects on the OT plan / value

How can we interpret the 
effect of the regularization❓
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⇡
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c(x, y) d⇡(x, y) + "R(⇡)
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GROUND COST ROBUSTNESS ⇔ REGULARIZATION

inf
⇡
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c0(x, y) d⇡(x, y) + "R(⇡)

= sup
c

Tc(µ, ⌫)� "R⇤
✓
c� c0

✏

◆
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Theorem: Regularized OT is ground cost adversarial in the 
following sense

R⇤(c) = sup
⇡

Z
c d⇡ �R(⇡)
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where     is a convex regularizerR
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and      is the convex conjugate of    :R⇤
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Is the adversarial cost    an interesting 
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GROUND COST ROBUSTNESS ⇔ REGULARIZATION

Is the adversarial cost    an interesting 
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Short answer: In a sense, no.



GROUND COST ROBUSTNESS ⇔ REGULARIZATION

Theorem: Under some technical assumption on     (verified 
for the entropic or quadratic regularizations), there exists 
functions     and     such that 
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is an optimal adversarial cost, i.e. is solution to

c : (x, y) 7! �(x) +  (y)
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Short answer: In a sense, no.



WHAT I COULD NOT TALK ABOUT

·  Restriction to nonnegative adversarial costs 

·  General duality result for regularized OT 

·  Extension to several measures

francoispierrepaty.github.io

Thank you
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