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How to move the déblais to build 
the remblais with minimal effort?
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<latexit sha1_base64="0xT7CaRELBoImTrWDHCBGxp1RWI="></latexit><latexit sha1_base64="cHppBIex578M9pl6Ld62Gl5o210="></latexit><latexit sha1_base64="cHppBIex578M9pl6Ld62Gl5o210="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="FjB13yN3nscdaX1OmXOwqb2koR8="></latexit><latexit sha1_base64="FjB13yN3nscdaX1OmXOwqb2koR8="></latexit><latexit sha1_base64="agQsBHZGdqgguuMsD+jB16L56oE="></latexit><latexit sha1_base64="0xT7CaRELBoImTrWDHCBGxp1RWI="></latexit><latexit sha1_base64="0xT7CaRELBoImTrWDHCBGxp1RWI="></latexit><latexit sha1_base64="0xT7CaRELBoImTrWDHCBGxp1RWI="></latexit><latexit sha1_base64="oA0vSLdHyncMuAEERMZnVTvft1M="></latexit><latexit sha1_base64="oA0vSLdHyncMuAEERMZnVTvft1M="></latexit><latexit sha1_base64="oA0vSLdHyncMuAEERMZnVTvft1M="></latexit>

. Two distributions    and    over µ
<latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit>

⌫
<latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit>

Rd
<latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit>

. A cost function
c : Rd ⇥ Rd ! R

<latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit>

8A ⇢ Rd Borel, ⌫(A) = µ
�
T�1(A)

�
<latexit sha1_base64="lI4bGrfPVocF8mm0MMKCr7o1UDg="></latexit><latexit sha1_base64="q636Vo1ud31cHJjcqaJxb+uh0OU="></latexit><latexit sha1_base64="q636Vo1ud31cHJjcqaJxb+uh0OU="></latexit><latexit sha1_base64="q636Vo1ud31cHJjcqaJxb+uh0OU="></latexit>

X ⇠ µ =) T (X) ⇠ ⌫
<latexit sha1_base64="BHjj9VUsDiE5xpT+yzjjipmThwo="></latexit><latexit sha1_base64="BHjj9VUsDiE5xpT+yzjjipmThwo="></latexit><latexit sha1_base64="BHjj9VUsDiE5xpT+yzjjipmThwo="></latexit><latexit sha1_base64="BHjj9VUsDiE5xpT+yzjjipmThwo="></latexit>



x
<latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g="></latexit><latexit sha1_base64="1RAOJ44PuBrSAi0ImJGvXNLYBNU="></latexit><latexit sha1_base64="1RAOJ44PuBrSAi0ImJGvXNLYBNU="></latexit><latexit sha1_base64="1RAOJ44PuBrSAi0ImJGvXNLYBNU="></latexit>

y
<latexit sha1_base64="Ne219FMGE9f9p0Jycnzrb+NuVNQ="></latexit><latexit sha1_base64="qyj8BilJJN+YQgVLboqHHuCZFUc="></latexit><latexit sha1_base64="qyj8BilJJN+YQgVLboqHHuCZFUc="></latexit><latexit sha1_base64="qyj8BilJJN+YQgVLboqHHuCZFUc="></latexit>

T
<latexit sha1_base64="YIXqWZKIKr5kEsKBAHxWmP6EL4Q="></latexit><latexit sha1_base64="w93xAMmr2P9s5fCdtEk1HYLe0os="></latexit><latexit sha1_base64="w93xAMmr2P9s5fCdtEk1HYLe0os="></latexit><latexit sha1_base64="w93xAMmr2P9s5fCdtEk1HYLe0os="></latexit>

µ
<latexit sha1_base64="Zv2w6x9q2EXDOYdzeuuIZf+wcFY="></latexit><latexit sha1_base64="3yCOzFTCgFfldhmLC3oFqvJlO0M="></latexit><latexit sha1_base64="3yCOzFTCgFfldhmLC3oFqvJlO0M="></latexit><latexit sha1_base64="3yCOzFTCgFfldhmLC3oFqvJlO0M="></latexit>

⌫
<latexit sha1_base64="pnZO/PG4yyxxl6zpl8FHBEtekyE="></latexit><latexit sha1_base64="N8q80SGtoVNjc2QxRf6sZeeKrjc="></latexit><latexit sha1_base64="N8q80SGtoVNjc2QxRf6sZeeKrjc="></latexit><latexit sha1_base64="N8q80SGtoVNjc2QxRf6sZeeKrjc="></latexit>

THE MONGE PROBLEM

inf
T ]µ=⌫

Z
c (x, T (x)) dµ(x)

<latexit sha1_base64="0xT7CaRELBoImTrWDHCBGxp1RWI="></latexit><latexit sha1_base64="cHppBIex578M9pl6Ld62Gl5o210="></latexit><latexit sha1_base64="cHppBIex578M9pl6Ld62Gl5o210="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="FjB13yN3nscdaX1OmXOwqb2koR8="></latexit><latexit sha1_base64="FjB13yN3nscdaX1OmXOwqb2koR8="></latexit><latexit sha1_base64="agQsBHZGdqgguuMsD+jB16L56oE="></latexit><latexit sha1_base64="0xT7CaRELBoImTrWDHCBGxp1RWI="></latexit><latexit sha1_base64="0xT7CaRELBoImTrWDHCBGxp1RWI="></latexit><latexit sha1_base64="0xT7CaRELBoImTrWDHCBGxp1RWI="></latexit><latexit sha1_base64="oA0vSLdHyncMuAEERMZnVTvft1M="></latexit><latexit sha1_base64="oA0vSLdHyncMuAEERMZnVTvft1M="></latexit><latexit sha1_base64="oA0vSLdHyncMuAEERMZnVTvft1M="></latexit>

. Two distributions    and    over µ
<latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit><latexit sha1_base64="HDCODk/uwREDnPuiFYHsWrHoBrg="></latexit>

⌫
<latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit><latexit sha1_base64="Qx1Xshx17zBwLQ6mBwoxv9gsT8E="></latexit>

Rd
<latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit><latexit sha1_base64="7WuhGvHSgmYsxCjkHoOtB6S0eXA="></latexit>

. A cost function
c : Rd ⇥ Rd ! R

<latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit><latexit sha1_base64="xMMI2eg4wG6CQPnhoAeLIxuHX28="></latexit>

Issue: such maps    may not exist (e.g. send one Dirac 
mass to a sum of several Dirac masses)

T
<latexit sha1_base64="YIXqWZKIKr5kEsKBAHxWmP6EL4Q="></latexit><latexit sha1_base64="w93xAMmr2P9s5fCdtEk1HYLe0os="></latexit><latexit sha1_base64="w93xAMmr2P9s5fCdtEk1HYLe0os="></latexit><latexit sha1_base64="w93xAMmr2P9s5fCdtEk1HYLe0os="></latexit>

8A ⇢ Rd Borel, ⌫(A) = µ
�
T�1(A)

�
<latexit sha1_base64="lI4bGrfPVocF8mm0MMKCr7o1UDg="></latexit><latexit sha1_base64="q636Vo1ud31cHJjcqaJxb+uh0OU="></latexit><latexit sha1_base64="q636Vo1ud31cHJjcqaJxb+uh0OU="></latexit><latexit sha1_base64="q636Vo1ud31cHJjcqaJxb+uh0OU="></latexit>

X ⇠ µ =) T (X) ⇠ ⌫
<latexit sha1_base64="BHjj9VUsDiE5xpT+yzjjipmThwo="></latexit><latexit sha1_base64="BHjj9VUsDiE5xpT+yzjjipmThwo="></latexit><latexit sha1_base64="BHjj9VUsDiE5xpT+yzjjipmThwo="></latexit><latexit sha1_base64="BHjj9VUsDiE5xpT+yzjjipmThwo="></latexit>



THE KANTOROVICH PROBLEM
Leonid Kantorovich



THE KANTOROVICH PROBLEM

Existence may not hold in the Monge problem because 
each point has to be sent to a unique destination



THE KANTOROVICH PROBLEM

Existence may not hold in the Monge problem because 
each point has to be sent to a unique destination

💡 Relax this constraint and allow mass splitting



Tc(µ, ⌫) = inf
⇡

ZZ
c(x, y) d⇡(x, y)
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THE KANTOROVICH PROBLEM

Existence may not hold in the Monge problem because 
each point has to be sent to a unique destination

💡 Relax this constraint and allow mass splitting

Z
d⇡(x, y) = dµ(x) 8x

<latexit sha1_base64="QFwS2mkpv2lzpErN5R+7zQCZVkA="></latexit><latexit sha1_base64="QFwS2mkpv2lzpErN5R+7zQCZVkA="></latexit><latexit sha1_base64="QFwS2mkpv2lzpErN5R+7zQCZVkA="></latexit><latexit sha1_base64="QFwS2mkpv2lzpErN5R+7zQCZVkA="></latexit>

Z
d⇡(x, y) = d⌫(y) 8y

<latexit sha1_base64="dTmKT+znHzKvbNR1P6kpDGU8jRY="></latexit><latexit sha1_base64="dTmKT+znHzKvbNR1P6kpDGU8jRY="></latexit><latexit sha1_base64="dTmKT+znHzKvbNR1P6kpDGU8jRY="></latexit><latexit sha1_base64="dTmKT+znHzKvbNR1P6kpDGU8jRY="></latexit>

over all     such that⇡
<latexit sha1_base64="4laKua+x3IajVSX8yla2oiMj8Bk="></latexit><latexit sha1_base64="4laKua+x3IajVSX8yla2oiMj8Bk="></latexit><latexit sha1_base64="4laKua+x3IajVSX8yla2oiMj8Bk="></latexit><latexit sha1_base64="4laKua+x3IajVSX8yla2oiMj8Bk="></latexit>

⇢

<latexit sha1_base64="0JUUAfKNfsubE3Szk8DHHfn084k="></latexit><latexit sha1_base64="0JUUAfKNfsubE3Szk8DHHfn084k="></latexit><latexit sha1_base64="0JUUAfKNfsubE3Szk8DHHfn084k="></latexit><latexit sha1_base64="0JUUAfKNfsubE3Szk8DHHfn084k="></latexit>

⇡ 2 ⇧(µ, ⌫)
<latexit sha1_base64="/PcL67ZAqkwOR7LTUNFXqH/ccsE="></latexit><latexit sha1_base64="pwoP5N1VnyTlxg4Rkjx4TwPIGv0="></latexit><latexit sha1_base64="pwoP5N1VnyTlxg4Rkjx4TwPIGv0="></latexit><latexit sha1_base64="pwoP5N1VnyTlxg4Rkjx4TwPIGv0="></latexit>
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THE KANTOROVICH PROBLEM

Existence may not hold in the Monge problem because 
each point has to be sent to a unique destination

💡 Relax this constraint and allow mass splitting

When the cost function is of the form

c(x, y) = kx� ykp
<latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit>

where p � 1
<latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit>

we say that          is the p-Wasserstein distance Tc
1/p

<latexit sha1_base64="Y1AEkTP3jPy05Vw0q6yxPZ/LUtY="></latexit><latexit sha1_base64="p6buJg2SZ3Dq1lUMnC/fFwSR3Gw="></latexit><latexit sha1_base64="p6buJg2SZ3Dq1lUMnC/fFwSR3Gw="></latexit><latexit sha1_base64="p6buJg2SZ3Dq1lUMnC/fFwSR3Gw="></latexit>

Wp
<latexit sha1_base64="rGHNjIbPe8bGSX8GmbYBI/iMyBU="></latexit><latexit sha1_base64="xyCiesH8cEVBV4f90wVJ52NClYw="></latexit><latexit sha1_base64="xyCiesH8cEVBV4f90wVJ52NClYw="></latexit><latexit sha1_base64="xyCiesH8cEVBV4f90wVJ52NClYw="></latexit>
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THE KANTOROVICH PROBLEM

Existence may not hold in the Monge problem because 
each point has to be sent to a unique destination

💡 Relax this constraint and allow mass splitting

Benefits: existence under mild assumptions

When the cost function is of the form

c(x, y) = kx� ykp
<latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit><latexit sha1_base64="QiQI4vSK01d4Xsvw0lKU9dITN4c="></latexit>

where p � 1
<latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit><latexit sha1_base64="uzhLkI64DXsprYeRXmq2nfWJWac="></latexit>
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Tc(µ, ⌫) = sup
�, 

�� c

Z
� dµ+

Z
 d⌫

<latexit sha1_base64="ZEoFw3Qh++bGG21SJ5aTOLwRXpo="></latexit><latexit sha1_base64="Ssy0N0JU765Wr5PmoQP3L/fGuyQ="></latexit><latexit sha1_base64="Ssy0N0JU765Wr5PmoQP3L/fGuyQ="></latexit><latexit sha1_base64="Ssy0N0JU765Wr5PmoQP3L/fGuyQ="></latexit>

Duality



SOME PROPERTIES ON THE 
KANTOROVICH PROBLEM

Tc(µ, ⌫) = sup
�, 

�� c

Z
� dµ+

Z
 d⌫

<latexit sha1_base64="ZEoFw3Qh++bGG21SJ5aTOLwRXpo="></latexit><latexit sha1_base64="Ssy0N0JU765Wr5PmoQP3L/fGuyQ="></latexit><latexit sha1_base64="Ssy0N0JU765Wr5PmoQP3L/fGuyQ="></latexit><latexit sha1_base64="Ssy0N0JU765Wr5PmoQP3L/fGuyQ="></latexit>

Duality

Metric Properties

     is a geodesic distance over the set           of 
probability measures with finite       moment
Wp

<latexit sha1_base64="rGHNjIbPe8bGSX8GmbYBI/iMyBU="></latexit><latexit sha1_base64="xyCiesH8cEVBV4f90wVJ52NClYw="></latexit><latexit sha1_base64="xyCiesH8cEVBV4f90wVJ52NClYw="></latexit><latexit sha1_base64="xyCiesH8cEVBV4f90wVJ52NClYw="></latexit>

Pp(Rd)
<latexit sha1_base64="/nN4RFyXwi6UZGaYo29MWynlH/o="></latexit><latexit sha1_base64="U2TkU38h7PjKv/Cc4nzcSf2PSY0="></latexit><latexit sha1_base64="U2TkU38h7PjKv/Cc4nzcSf2PSY0="></latexit><latexit sha1_base64="U2TkU38h7PjKv/Cc4nzcSf2PSY0="></latexit>

pth
<latexit sha1_base64="EY5Cj2q+8Bho1HXTEwa1PpEYgzY="></latexit><latexit sha1_base64="9DDOKC00rgocsQOV5CWmRTt7jOA="></latexit><latexit sha1_base64="9DDOKC00rgocsQOV5CWmRTt7jOA="></latexit><latexit sha1_base64="9DDOKC00rgocsQOV5CWmRTt7jOA="></latexit>



SOME PROPERTIES ON THE 
KANTOROVICH PROBLEM

Issues: both algorithmic and statistical limitations 
in Machine Learning

Tc(µ, ⌫) = sup
�, 

�� c

Z
� dµ+

Z
 d⌫

<latexit sha1_base64="ZEoFw3Qh++bGG21SJ5aTOLwRXpo="></latexit><latexit sha1_base64="Ssy0N0JU765Wr5PmoQP3L/fGuyQ="></latexit><latexit sha1_base64="Ssy0N0JU765Wr5PmoQP3L/fGuyQ="></latexit><latexit sha1_base64="Ssy0N0JU765Wr5PmoQP3L/fGuyQ="></latexit>

Duality

Metric Properties

     is a geodesic distance over the set           of 
probability measures with finite       moment
Wp

<latexit sha1_base64="rGHNjIbPe8bGSX8GmbYBI/iMyBU="></latexit><latexit sha1_base64="xyCiesH8cEVBV4f90wVJ52NClYw="></latexit><latexit sha1_base64="xyCiesH8cEVBV4f90wVJ52NClYw="></latexit><latexit sha1_base64="xyCiesH8cEVBV4f90wVJ52NClYw="></latexit>

Pp(Rd)
<latexit sha1_base64="/nN4RFyXwi6UZGaYo29MWynlH/o="></latexit><latexit sha1_base64="U2TkU38h7PjKv/Cc4nzcSf2PSY0="></latexit><latexit sha1_base64="U2TkU38h7PjKv/Cc4nzcSf2PSY0="></latexit><latexit sha1_base64="U2TkU38h7PjKv/Cc4nzcSf2PSY0="></latexit>

pth
<latexit sha1_base64="EY5Cj2q+8Bho1HXTEwa1PpEYgzY="></latexit><latexit sha1_base64="9DDOKC00rgocsQOV5CWmRTt7jOA="></latexit><latexit sha1_base64="9DDOKC00rgocsQOV5CWmRTt7jOA="></latexit><latexit sha1_base64="9DDOKC00rgocsQOV5CWmRTt7jOA="></latexit>



LIMITATION TO THE KANTOROVICH PROBLEM

1. Algorithmic limitations

. The discrete problem is a Linear Program in  O
�
n3 log n

�
<latexit sha1_base64="9EigpBooyVk8XATTfjYfPAFRpJA="></latexit><latexit sha1_base64="NNa6zNm0CbsaK26PEKhtpgtgU7E="></latexit><latexit sha1_base64="NNa6zNm0CbsaK26PEKhtpgtgU7E="></latexit><latexit sha1_base64="NNa6zNm0CbsaK26PEKhtpgtgU7E="></latexit>

. Lack of differentiability



LIMITATION TO THE KANTOROVICH PROBLEM

1. Algorithmic limitations

. The discrete problem is a Linear Program in  O
�
n3 log n

�
<latexit sha1_base64="9EigpBooyVk8XATTfjYfPAFRpJA="></latexit><latexit sha1_base64="NNa6zNm0CbsaK26PEKhtpgtgU7E="></latexit><latexit sha1_base64="NNa6zNm0CbsaK26PEKhtpgtgU7E="></latexit><latexit sha1_base64="NNa6zNm0CbsaK26PEKhtpgtgU7E="></latexit>

2. Statistical limitations

Wasserstein distances suffer from the curse of 
dimensionality

. Lack of differentiability



Dimension 2
Wasserstein = 1

<latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit>

THE CURSE OF DIMENSIONALITY



n = 10
<latexit sha1_base64="ASj8VThF7MZWoI49dXU3jiHJl/Q="></latexit><latexit sha1_base64="ASj8VThF7MZWoI49dXU3jiHJl/Q="></latexit><latexit sha1_base64="ASj8VThF7MZWoI49dXU3jiHJl/Q="></latexit><latexit sha1_base64="ASj8VThF7MZWoI49dXU3jiHJl/Q="></latexit>

Estimation error = 0.83
<latexit sha1_base64="8dLpdqc/9dmJXzJA0e/LarwvGzw="></latexit><latexit sha1_base64="8dLpdqc/9dmJXzJA0e/LarwvGzw="></latexit><latexit sha1_base64="8dLpdqc/9dmJXzJA0e/LarwvGzw="></latexit><latexit sha1_base64="8dLpdqc/9dmJXzJA0e/LarwvGzw="></latexit>

Dimension 2
Wasserstein = 1

<latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit>

THE CURSE OF DIMENSIONALITY



n = 100
<latexit sha1_base64="OHxqY1P1SgRQKTuDRAx3io4Pe2c="></latexit><latexit sha1_base64="OHxqY1P1SgRQKTuDRAx3io4Pe2c="></latexit><latexit sha1_base64="OHxqY1P1SgRQKTuDRAx3io4Pe2c="></latexit><latexit sha1_base64="OHxqY1P1SgRQKTuDRAx3io4Pe2c="></latexit>

Estimation error = 0.15
<latexit sha1_base64="WHKP++Qz0Zfp5XH1upf5Ckv7JrU="></latexit><latexit sha1_base64="WHKP++Qz0Zfp5XH1upf5Ckv7JrU="></latexit><latexit sha1_base64="WHKP++Qz0Zfp5XH1upf5Ckv7JrU="></latexit><latexit sha1_base64="WHKP++Qz0Zfp5XH1upf5Ckv7JrU="></latexit>

Dimension 2
Wasserstein = 1

<latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit>

THE CURSE OF DIMENSIONALITY



n = 1000
<latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit>

Estimation error = 0.03
<latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit>

Dimension 2
Wasserstein = 1

<latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit>

THE CURSE OF DIMENSIONALITY



n = 1000
<latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit>

Estimation error = 0.03
<latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit>

Dimension 2
Wasserstein = 1

<latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit>

THE CURSE OF DIMENSIONALITY



n = 1000
<latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit>

Estimation error = 0.03
<latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit>

Dimension 2
Wasserstein = 1

<latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit>

THE CURSE OF DIMENSIONALITY



n = 1000
<latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit><latexit sha1_base64="U4qxlRfFRy333iawH0PpvNQyT2o="></latexit>

Estimation error = 0.03
<latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit><latexit sha1_base64="02HZxKwYIweO6Z5PTKpaNLZt/+E="></latexit>

Dimension 2
Wasserstein = 1

<latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit><latexit sha1_base64="zQevCmh+kA1R6PmeSnWsuByj3jA="></latexit>

E [Wp (µ̂n, µ)] = O

⇣
n�1/d

⌘

<latexit sha1_base64="xDOazLRyEr+a/gE/FWu3XJmKbPg="></latexit><latexit sha1_base64="qP8KOabsAyIdTVHzIJ3qUhcaVq8="></latexit><latexit sha1_base64="qP8KOabsAyIdTVHzIJ3qUhcaVq8="></latexit><latexit sha1_base64="qP8KOabsAyIdTVHzIJ3qUhcaVq8="></latexit>

THE CURSE OF DIMENSIONALITY



BEYOND THESE LIMITATIONS

Sliced Approach
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Sliced Approach



BEYOND THESE LIMITATIONS

Sliced Approach

SWc(µ, ⌫) =

Z

Sd�1

Tc(p✓]µ, p✓]⌫) d✓
<latexit sha1_base64="3g1B3Z1UVTvSiv8GwE1ZVX2tveQ=">AAAD2nicjVLLbtQwFL1peJTwGmDJJmJUqUhh5FQg2CBVsGFHUTudSpMhcjyeGat5yXaQqsitxA6x5ef4A7rgH7h2M1IfmhZHSa7PPef4XttZnQulCfntrfm3bt+5u34vuP/g4aPHvSdP91XVSMaHrMoreZBRxXNR8qEWOucHteS0yHI+yg4/2vzoG5dKVOWePqr5pKDzUswEoxqhtHe6O0rbxPmM5TybtCQigzcRMcxsXsDjCD MmKRoThZcFUWySsjEvg/dBIkqNhgXViyxrd83XdvoqNiZwiGKy3TMr1wvaOk30gmtq0kQtqKxXVXAD83xJSTQ9Y6a9PhkQN8KrQdwFfejGTtX7CwlMoQIGDRTAoQSNcQ4UFD5jiIFAjdgEWsQkRsLlORgIUNsgiyODInqI3znOxh1a4tx6KqdmuEqOr0RlCBuoqZAnMbarhS7fOGeLrvJunaet7Qj/WedVIKphgehNuiXzf3W2Fw0zeOd6ENhT7RDbHetcGrcrtvLwXFcaHWrEbDzFvMSYOeVyn0OnUa53u7fU5f84pkXtnHXcBk6v7W7ZicTsDF88HbwM8eWjvxrsbw1iMoi/vO5vf+iuxTo8hxewiWf/FrbhE+zAEJj32Wu8Y+/ET/zv/g//5xl1zes0z+DC8H/9A0AO7ZA=</latexit><latexit sha1_base64="Bl+uYYvJpQDCT4jsWfJ7s8IW79Y=">AAAD/3icjVLLbtQwFL1pCpTwGmDJJmKEVKQwchAINpUq2LAD1E6n0mSIHI9nxmpesp1KVWQk/gWJHWLLp/AHdME/cO1mpD40bR0luT73nON7bWd1LpQm5I+35q/fuHlr43Zw5+69+w96Dx/tqaqRjA9ZlVdyP6OK56LkQy10zvdryWmR5XyUHby3+dEhl0pU5a4+qvmkoPNSzASjGqG0d7wzStvE+YzlPJu0JCKD1xExzGyewe MIMyYpGhOF5wVRbJKyMc+DrSARpUbDgupFlrU75ks7fREbEzhEMdnumpXrBW2dJnrBNTVpohZU1qsquIJ5uqQkmp4w016fDIgb4cUg7oI+dON69Kr3DxKYQgUMGiiAQwka4xwoKHzGEAOBGrEJtIhJjITLczAQoLZBFkcGRfQAv3OcjTu0xLn1VE7NcJUcX4nKEJ6hpkKexNiuFrp845wtusq7dZ62tiP8Z51XgaiGBaJX6ZbM6+psLxpm8Nb1ILCn2iG2O9a5NG5XbOXhqa40OtSI2XiKeYkxc8rlPodOo1zvdm+py/91TIvaOeu4DRxf2t2yE4nZGb54OngF4vMHfjHYezmIySD+/Kq//a67OxvwBJ7CJp79G9iGD/AJhsC8j17jffW++9/8H/5P/9cJdc3rNI/hzPB//wfAm/UJ</latexit><latexit sha1_base64="Bl+uYYvJpQDCT4jsWfJ7s8IW79Y=">AAAD/3icjVLLbtQwFL1pCpTwGmDJJmKEVKQwchAINpUq2LAD1E6n0mSIHI9nxmpesp1KVWQk/gWJHWLLp/AHdME/cO1mpD40bR0luT73nON7bWd1LpQm5I+35q/fuHlr43Zw5+69+w96Dx/tqaqRjA9ZlVdyP6OK56LkQy10zvdryWmR5XyUHby3+dEhl0pU5a4+qvmkoPNSzASjGqG0d7wzStvE+YzlPJu0JCKD1xExzGyewe MIMyYpGhOF5wVRbJKyMc+DrSARpUbDgupFlrU75ks7fREbEzhEMdnumpXrBW2dJnrBNTVpohZU1qsquIJ5uqQkmp4w016fDIgb4cUg7oI+dON69Kr3DxKYQgUMGiiAQwka4xwoKHzGEAOBGrEJtIhJjITLczAQoLZBFkcGRfQAv3OcjTu0xLn1VE7NcJUcX4nKEJ6hpkKexNiuFrp845wtusq7dZ62tiP8Z51XgaiGBaJX6ZbM6+psLxpm8Nb1ILCn2iG2O9a5NG5XbOXhqa40OtSI2XiKeYkxc8rlPodOo1zvdm+py/91TIvaOeu4DRxf2t2yE4nZGb54OngF4vMHfjHYezmIySD+/Kq//a67OxvwBJ7CJp79G9iGD/AJhsC8j17jffW++9/8H/5P/9cJdc3rNI/hzPB//wfAm/UJ</latexit><latexit sha1_base64="Bl+uYYvJpQDCT4jsWfJ7s8IW79Y=">AAAD/3icjVLLbtQwFL1pCpTwGmDJJmKEVKQwchAINpUq2LAD1E6n0mSIHI9nxmpesp1KVWQk/gWJHWLLp/AHdME/cO1mpD40bR0luT73nON7bWd1LpQm5I+35q/fuHlr43Zw5+69+w96Dx/tqaqRjA9ZlVdyP6OK56LkQy10zvdryWmR5XyUHby3+dEhl0pU5a4+qvmkoPNSzASjGqG0d7wzStvE+YzlPJu0JCKD1xExzGyewe MIMyYpGhOF5wVRbJKyMc+DrSARpUbDgupFlrU75ks7fREbEzhEMdnumpXrBW2dJnrBNTVpohZU1qsquIJ5uqQkmp4w016fDIgb4cUg7oI+dON69Kr3DxKYQgUMGiiAQwka4xwoKHzGEAOBGrEJtIhJjITLczAQoLZBFkcGRfQAv3OcjTu0xLn1VE7NcJUcX4nKEJ6hpkKexNiuFrp845wtusq7dZ62tiP8Z51XgaiGBaJX6ZbM6+psLxpm8Nb1ILCn2iG2O9a5NG5XbOXhqa40OtSI2XiKeYkxc8rlPodOo1zvdm+py/91TIvaOeu4DRxf2t2yE4nZGb54OngF4vMHfjHYezmIySD+/Kq//a67OxvwBJ7CJp79G9iGD/AJhsC8j17jffW++9/8H/5P/9cJdc3rNI/hzPB//wfAm/UJ</latexit>



BEYOND THESE LIMITATIONS

Sliced Approach

Entropic regularization

SWc(µ, ⌫) =

Z

Sd�1

Tc(p✓]µ, p✓]⌫) d✓
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PART I: 
GROUND-COST ROBUSTNESS

Cédric Villani
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C
<latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit>

where      is a class of functions

d2⌦
<latexit sha1_base64="ZD02SQForl22ZM7vtdUcAf9Lawg="></latexit><latexit sha1_base64="XfhRSUxj2/ZjWjlOrKb9wNGolvA="></latexit><latexit sha1_base64="XfhRSUxj2/ZjWjlOrKb9wNGolvA="></latexit><latexit sha1_base64="XfhRSUxj2/ZjWjlOrKb9wNGolvA="></latexit>



GROUND-COST ADVERSARIAL TRANSPORT

Instead of restricting the ground-cost function  to be of 
the form     , we can generalize the problem as follows:

c
<latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit>

max
c2C

Tc(µ, ⌫)
<latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit><latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit><latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit><latexit sha1_base64="uuq/Gn70KZlpTvyfV09A1jyRTA4=">AAADdHicjVLLbtQwFL2Z8Cjl0SlsQLCIGFUqUhQ5iKosK7phWaROW2kyGiWuZ2o1LzkOahV5xVfyB+2iW9Ycm4ygrQo4SnLvuecc+9rO6lw2mrHv3sC/d//Bw5VHq4+fPH22Nlx/ftBUreJizKu8UkdZ2ohclmK spc7FUa1EWmS5OMxOd2398KtQjazKfX1ei2mRLko5lzzVgGbDb0mRns26LnFWE7XIph0LWbQVMsNNkMgyAEOfNFx1u8b8TvbN7A7R5jU8DlExSdGa8CY/jE1StubdbDhiEXMjuB3EfTCifuxVwytK6Jgq4tRSQYJK0ohzSqnBM6GYGNXAptQBU4ikqwsytAptC5YAIwV6iu8C2aRHS+TWs3FqjllyvArKgDagqcBTiO1sgau3ztmid3l3ztOu7Rz/rPcqgGo6Afov3ZL5vzrbi6Y5fXQ9SPRUO8R2x3uX1u2KXXnwR1caDjUwGx+jrhBzp1zuc+A0jevd7m3q6heOaVGb857b0uVfu1t2olCd48Xp4DLEN4/+dnDwPopZFH/5MNr51F+LFXpNb2kTZ79NO/SZ9miMuS69Ne+l92rww3/jj/yNX9SB12te0LXhRz8BiNfG0A==</latexit>

C
<latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit><latexit sha1_base64="6MY1aJm6iicmamt05n4SNOU+kDc="></latexit>

where      is a class of functions

max
c

Tc(µ, ⌫)� f(c)
<latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit>

for some convex f
<latexit sha1_base64="qV7/JTs4XgRa0Zd7loSD6JnXu54="></latexit><latexit sha1_base64="qV7/JTs4XgRa0Zd7loSD6JnXu54="></latexit><latexit sha1_base64="qV7/JTs4XgRa0Zd7loSD6JnXu54="></latexit><latexit sha1_base64="qV7/JTs4XgRa0Zd7loSD6JnXu54="></latexit>

f(c) =

(
0 if c 2 C

+1 if c 62 C
<latexit sha1_base64="gyTb30mIjfDggzLP/qz1HrR3YaA="></latexit><latexit sha1_base64="gyTb30mIjfDggzLP/qz1HrR3YaA="></latexit><latexit sha1_base64="gyTb30mIjfDggzLP/qz1HrR3YaA="></latexit><latexit sha1_base64="gyTb30mIjfDggzLP/qz1HrR3YaA="></latexit>

d2⌦
<latexit sha1_base64="ZD02SQForl22ZM7vtdUcAf9Lawg="></latexit><latexit sha1_base64="XfhRSUxj2/ZjWjlOrKb9wNGolvA="></latexit><latexit sha1_base64="XfhRSUxj2/ZjWjlOrKb9wNGolvA="></latexit><latexit sha1_base64="XfhRSUxj2/ZjWjlOrKb9wNGolvA="></latexit>



GROUND-COST ADVERSARIAL TRANSPORT

Instead of restricting the ground-cost function  to be of 
the form     , we can generalize the problem as follows:

c
<latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit><latexit sha1_base64="cT08d88Q0Gf/10ZxSt+MdH2sn4I="></latexit>

·  Links with the Robust Optimization literature 
·  Links with the matchings literature in Economics 
· Initially proposed by Genevay et al. in 2017 to learn 
generative models

max
c

Tc(µ, ⌫)� f(c)
<latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit>

for some convex f
<latexit sha1_base64="qV7/JTs4XgRa0Zd7loSD6JnXu54="></latexit><latexit sha1_base64="qV7/JTs4XgRa0Zd7loSD6JnXu54="></latexit><latexit sha1_base64="qV7/JTs4XgRa0Zd7loSD6JnXu54="></latexit><latexit sha1_base64="qV7/JTs4XgRa0Zd7loSD6JnXu54="></latexit>

d2⌦
<latexit sha1_base64="ZD02SQForl22ZM7vtdUcAf9Lawg="></latexit><latexit sha1_base64="XfhRSUxj2/ZjWjlOrKb9wNGolvA="></latexit><latexit sha1_base64="XfhRSUxj2/ZjWjlOrKb9wNGolvA="></latexit><latexit sha1_base64="XfhRSUxj2/ZjWjlOrKb9wNGolvA="></latexit>



GROUND-COST ADVERSARIAL TRANSPORT

max
c

Tc(µ, ⌫)� f(c)
<latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit>



GROUND-COST ADVERSARIAL TRANSPORT

max
c

Tc(µ, ⌫)� f(c)
<latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit>

= max
c

min
⇡2⇧(µ,⌫)

Z
c d⇡ � f(c)

<latexit sha1_base64="/K9zYOKhxOt75hsPgNtYaWNMmwU="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit>



GROUND-COST ADVERSARIAL TRANSPORT

max
c

Tc(µ, ⌫)� f(c)
<latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit>

= max
c

min
⇡2⇧(µ,⌫)

Z
c d⇡ � f(c)

<latexit sha1_base64="/K9zYOKhxOt75hsPgNtYaWNMmwU="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit>

Sion’s minimax 
theorem



GROUND-COST ADVERSARIAL TRANSPORT

max
c

Tc(µ, ⌫)� f(c)
<latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit>

= max
c

min
⇡2⇧(µ,⌫)

Z
c d⇡ � f(c)

<latexit sha1_base64="/K9zYOKhxOt75hsPgNtYaWNMmwU="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit>

= min
⇡2⇧(µ,⌫)

max
c

Z
c d⇡ � f(c)

<latexit sha1_base64="+h7w+Y3yHh0UnCkzhMmsLiaOyHo="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit>

Sion’s minimax 
theorem



GROUND-COST ADVERSARIAL TRANSPORT

max
c

Tc(µ, ⌫)� f(c)
<latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit>

= max
c

min
⇡2⇧(µ,⌫)

Z
c d⇡ � f(c)

<latexit sha1_base64="/K9zYOKhxOt75hsPgNtYaWNMmwU="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit>

= min
⇡2⇧(µ,⌫)

max
c

Z
c d⇡ � f(c)

<latexit sha1_base64="+h7w+Y3yHh0UnCkzhMmsLiaOyHo="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit>

= min
⇡2⇧(µ,⌫)

f⇤(⇡)
<latexit sha1_base64="rQLdKoIkOvsbCtq+NkqPPFNZXGc="></latexit><latexit sha1_base64="Jpsu9KREJPaM4mGgrmruqzLlGpY="></latexit><latexit sha1_base64="Jpsu9KREJPaM4mGgrmruqzLlGpY="></latexit><latexit sha1_base64="Jpsu9KREJPaM4mGgrmruqzLlGpY="></latexit>

Sion’s minimax 
theorem



GROUND-COST ADVERSARIAL TRANSPORT

max
c

Tc(µ, ⌫)� f(c)
<latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit>

= max
c

min
⇡2⇧(µ,⌫)

Z
c d⇡ � f(c)

<latexit sha1_base64="/K9zYOKhxOt75hsPgNtYaWNMmwU="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit>

= min
⇡2⇧(µ,⌫)

max
c

Z
c d⇡ � f(c)

<latexit sha1_base64="+h7w+Y3yHh0UnCkzhMmsLiaOyHo="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit>

= min
⇡2⇧(µ,⌫)

f⇤(⇡)
<latexit sha1_base64="rQLdKoIkOvsbCtq+NkqPPFNZXGc="></latexit><latexit sha1_base64="Jpsu9KREJPaM4mGgrmruqzLlGpY="></latexit><latexit sha1_base64="Jpsu9KREJPaM4mGgrmruqzLlGpY="></latexit><latexit sha1_base64="Jpsu9KREJPaM4mGgrmruqzLlGpY="></latexit>

Sion’s minimax 
theorem

Take where R
<latexit sha1_base64="iNpktw1EX4fWzw5MO+BaJKr78DU="></latexit><latexit sha1_base64="zQvcvVRzYzCPqmA9LnGJNzSHst8="></latexit><latexit sha1_base64="zQvcvVRzYzCPqmA9LnGJNzSHst8="></latexit><latexit sha1_base64="zQvcvVRzYzCPqmA9LnGJNzSHst8="></latexit>

is convex:f(c) = "R⇤
✓
c� c0

"

◆

<latexit sha1_base64="oRPoYClUAMytandX3f7eOWvplqw="></latexit><latexit sha1_base64="YCneSWH2FPpPsixyCJh6L3uzf60="></latexit><latexit sha1_base64="YCneSWH2FPpPsixyCJh6L3uzf60="></latexit><latexit sha1_base64="YCneSWH2FPpPsixyCJh6L3uzf60="></latexit>



GROUND-COST ADVERSARIAL TRANSPORT

max
c

Tc(µ, ⌫)� f(c)
<latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit><latexit sha1_base64="qLdXzaw7CxNOsqDMFgYtU8OQ3hg="></latexit>

= max
c

min
⇡2⇧(µ,⌫)

Z
c d⇡ � f(c)

<latexit sha1_base64="/K9zYOKhxOt75hsPgNtYaWNMmwU="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit><latexit sha1_base64="Chk8vCxuDtqCF59ZB1ARvDHGg9g="></latexit>

= min
⇡2⇧(µ,⌫)

max
c

Z
c d⇡ � f(c)

<latexit sha1_base64="+h7w+Y3yHh0UnCkzhMmsLiaOyHo="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit><latexit sha1_base64="xBPXbuX+MKruFgrqXI24YfEWMck="></latexit>
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Theorem: Under some technical assumption on     (verified 
for the entropic or quadratic regularizations), there exists 
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Alessio Figalli

PART II: 
REGULARITY-CONSTRAINED MAPS
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When does the Monge problem admit a solution ? 
What can be said about it ?
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When does the Monge problem admit a solution ? 
What can be said about it ?

Brenier Theorem
1. If   is absolutely continuous with respect to 

the Lebesgue measure, the Monge problem 
admits a unique solution 

2. If the Monge problem admits a solution   , 
then there exists a convex function   , called 
a Brenier potential, s.t. 
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When the optimal map exists (e.g. when   has a 
density), what kind of regularity does it exhibit ?
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Without further assumptions on    and    , we cannot 
even hope for continuity. Many results by Caffarelli, 
De Philippis, Kim, Figalli…
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Instead of finding assumptions under which the 
optimal map exists and exhibits some regularity, we 
will enforce such regularity directly in the OT 
problem.





`kx� yk  krf(x)�rf(y)k  Lkx� yk
<latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit>



We ask that                   is a bi-Lipschitz mapT = rf
<latexit sha1_base64="r1ZlcMW74AvW0YNd3KQiH2LOsCE="></latexit><latexit sha1_base64="r1ZlcMW74AvW0YNd3KQiH2LOsCE="></latexit><latexit sha1_base64="r1ZlcMW74AvW0YNd3KQiH2LOsCE="></latexit><latexit sha1_base64="r1ZlcMW74AvW0YNd3KQiH2LOsCE="></latexit>

`kx� yk  krf(x)�rf(y)k  Lkx� yk
<latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit>



We ask that      is smooth and strongly convexf
<latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit>

`kx� yk  krf(x)�rf(y)k  Lkx� yk
<latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit>



We ask that      is smooth and strongly convexf
<latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit>

`kx� yk  krf(x)�rf(y)k  Lkx� yk
<latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit>

f 2 F`,L
<latexit sha1_base64="iIib5CUd4QFYE9jDTo6t+gTrSCE="></latexit><latexit sha1_base64="iIib5CUd4QFYE9jDTo6t+gTrSCE="></latexit><latexit sha1_base64="iIib5CUd4QFYE9jDTo6t+gTrSCE="></latexit><latexit sha1_base64="iIib5CUd4QFYE9jDTo6t+gTrSCE="></latexit>



But there may not even such a regular   that is 
admissible for the Monge problem, i.e. such 
that                      .
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Instead, we will try to best approximate   as a 
push-forward of     through a regular map:µ
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Smooth and Strongly Convex 
Nearest Brenier Potentials



Even when the measures are discrete, this is a 
infinite dimensional optimization problem!
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infinite dimensional optimization problem!

min
f2F`,L

W2 [rf ]µ, ⌫]
<latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit>



min
z1,...zn2Rd

u2Rn

W 2
2

 
nX

i=1

ai�zi , ⌫

!

<latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit><latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit><latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit><latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit>

ui � uj + hzj , xi � xji

+
1

2(1� `/L)

✓
1

L
kzi � zjk2 + `kxi � xjk2 � 2

`

L
hzj � zi, xj � xii

◆

<latexit sha1_base64="7CuyBhdhNJntP0F79puIYlWIIfY="></latexit><latexit sha1_base64="7CuyBhdhNJntP0F79puIYlWIIfY="></latexit><latexit sha1_base64="7CuyBhdhNJntP0F79puIYlWIIfY="></latexit><latexit sha1_base64="7CuyBhdhNJntP0F79puIYlWIIfY="></latexit>

Even when the measures are discrete, this is a 
infinite dimensional optimization problem!

min
f2F`,L

W2 [rf ]µ, ⌫]
<latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit>



x1, . . . , xn ⇠ µ
<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂n =
1

n

nX

i=1

�xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>



x1, . . . , xn ⇠ µ
<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂n =
1

n

nX

i=1

�xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>



x1, . . . , xn ⇠ µ
<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂n =
1

n

nX

i=1

�xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>



x1, . . . , xn ⇠ µ
<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂n =
1

n

nX

i=1

�xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>

We can easily compute the map on any new point  
by solving a cheap QCQP

x 2 Rd
<latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit>



x1, . . . , xn ⇠ µ
<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂n =
1

n

nX

i=1

�xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>

We can easily compute the map on any new point  
by solving a cheap QCQP

x 2 Rd
<latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit>

min
v2R, g2Rd

v

s.t. 8i, v � ui + hz?i , x� xii

+
1

2(1� `/L)

✓
1

L
kg � z?i k2 + `kx� xik2 � 2

`

L
hz?i � g, xi � xi

◆

<latexit sha1_base64="mm0cvB1awhgVo24/+iZ5QwhYyUY="></latexit><latexit sha1_base64="mm0cvB1awhgVo24/+iZ5QwhYyUY="></latexit><latexit sha1_base64="mm0cvB1awhgVo24/+iZ5QwhYyUY="></latexit><latexit sha1_base64="mm0cvB1awhgVo24/+iZ5QwhYyUY="></latexit>



x1, . . . , xn ⇠ µ
<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂n =
1

n

nX

i=1

�xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>

We can easily compute the map on any new point  
by solving a cheap QCQP

x 2 Rd
<latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit>

This defines an estimator      of the optimal transport 
map sending     to   

rf?
<latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit>

µ
<latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit>

⌫
<latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit>



x1, . . . , xn ⇠ µ
<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂n =
1

n

nX

i=1

�xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>

We can easily compute the map on any new point  
by solving a cheap QCQP

x 2 Rd
<latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit>

This defines an estimator      of the optimal transport 
map sending     to   

rf?
<latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit>

µ
<latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit>

⌫
<latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit>

We define the SSNB estimator as a plug-in:



x1, . . . , xn ⇠ µ
<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂n =
1

n

nX

i=1

�xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>

We can easily compute the map on any new point  
by solving a cheap QCQP

x 2 Rd
<latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit>

This defines an estimator      of the optimal transport 
map sending     to   

rf?
<latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit>

µ
<latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit>

⌫
<latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit>

We define the SSNB estimator as a plug-in:

cW 2
2 =

Z
kx�rf?(x)k2dµ(x)

<latexit sha1_base64="Uj8BWdVkaMFOYXw8kX+zMxkUFvg="></latexit><latexit sha1_base64="Uj8BWdVkaMFOYXw8kX+zMxkUFvg="></latexit><latexit sha1_base64="Uj8BWdVkaMFOYXw8kX+zMxkUFvg="></latexit><latexit sha1_base64="Uj8BWdVkaMFOYXw8kX+zMxkUFvg="></latexit>



Estimation Error depending on n

Global Regularity

Local Regularity



Estimation Error depending on n

Global Regularity

Local Regularity

Same rate, 
better constant?
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gi := rf(xi)

Regularity ‘’by part’’



Estimation Error depending on K

Global Regularity

Local Regularity



` = 0
<latexit sha1_base64="eMlH2bYQu4gmnoTwEo6ZOBpvzxc="></latexit><latexit sha1_base64="eMlH2bYQu4gmnoTwEo6ZOBpvzxc="></latexit><latexit sha1_base64="eMlH2bYQu4gmnoTwEo6ZOBpvzxc="></latexit><latexit sha1_base64="eMlH2bYQu4gmnoTwEo6ZOBpvzxc="></latexit>

` = 0.5
<latexit sha1_base64="u0sPwDG61n3PyUNDMUFYL/89HSg="></latexit><latexit sha1_base64="u0sPwDG61n3PyUNDMUFYL/89HSg="></latexit><latexit sha1_base64="u0sPwDG61n3PyUNDMUFYL/89HSg="></latexit><latexit sha1_base64="u0sPwDG61n3PyUNDMUFYL/89HSg="></latexit>

` = 1
<latexit sha1_base64="KkmtCpYuDt+yp3enowHg9eqT7SE="></latexit><latexit sha1_base64="KkmtCpYuDt+yp3enowHg9eqT7SE="></latexit><latexit sha1_base64="KkmtCpYuDt+yp3enowHg9eqT7SE="></latexit><latexit sha1_base64="KkmtCpYuDt+yp3enowHg9eqT7SE="></latexit>

L = 1
<latexit sha1_base64="x5ZvAtVQuOfTTwMyqweM0+QZrB4="></latexit><latexit sha1_base64="x5ZvAtVQuOfTTwMyqweM0+QZrB4="></latexit><latexit sha1_base64="x5ZvAtVQuOfTTwMyqweM0+QZrB4="></latexit><latexit sha1_base64="x5ZvAtVQuOfTTwMyqweM0+QZrB4="></latexit>

L = 2
<latexit sha1_base64="EE0VCjPtKlDaDxUgFjAAHzPBDLk="></latexit><latexit sha1_base64="EE0VCjPtKlDaDxUgFjAAHzPBDLk="></latexit><latexit sha1_base64="EE0VCjPtKlDaDxUgFjAAHzPBDLk="></latexit><latexit sha1_base64="EE0VCjPtKlDaDxUgFjAAHzPBDLk="></latexit>

L = 5
<latexit sha1_base64="QslLV0zMzg4pcKsCgOlbg0urNLA="></latexit><latexit sha1_base64="QslLV0zMzg4pcKsCgOlbg0urNLA="></latexit><latexit sha1_base64="QslLV0zMzg4pcKsCgOlbg0urNLA="></latexit><latexit sha1_base64="QslLV0zMzg4pcKsCgOlbg0urNLA="></latexit>



Thank you for your attention


